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Our present understanding of the observed fundamental interactions is en-
compassed, on the one hand, for the strong, weak and electromagnetic inter-
actions by the standard model and on the other hand for the gravitational
interaction by Einstein's classical theory of general relativity which, however,
can not be consistently quantized.
Although the success of some of the unied gauge theories (based on the
point-like quantum elds concept), there are too many arbitrary parameters
and some of the outstanding problems like the Higgs, spontanious symmetry
breaking mechanism, Kobayachi Moskawa metrix etc... are still unsolved.
The discovery in the summer of 1984 by Green and Schwarz [1] of the
unique anomaly free open superstring has once again spurred an enormous
interest in string theories as candidates for unied quantum theories of all
interactions and matter.
As opposed to point-like particles in ordinary eld theories, the funda-
mental constituents of string theories are 1-dimensional objects. A single
classical relativistic string can vibrate in an innite set of normal modes,
which, when quantized correspond to an innite set of states with arbitrary
high masses and spins.
These theories can be consistently quantized for one specic dimension of
space-time only. This critical dimension is 26 for the bosonic string (open or
closed) and 10 for the superstring [2], [3]. However, to keep contact with the
real world, the extra space-time dimensions have to be compactied. It turns
out that there are too many ways to do a such procedure and consequently,
the four-dimensional low energy physics is not unique [4]-[12]. Thus, there is
still no clear answer to the important problem of compactication and how
contact can be made with a realistic phenomenology.
In this paper, and as a toy model, we consider a closed bosonic string and
study the eect of successive toroidal compactications.
In section 2, we present general solutions resulted from various types of an
even dimensional tori compactications. In section 3, we display our results
and draw our conclusions.
2
2 FORMALISM




















( + ;  ) = x

(;  ) (2)

















). The general solution of the







which satises the boundary condition (??) is :
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are the string center of mass coordinates and the momentum
respectively.
After quantization, the critical dimension is xed to D = 26 and the
physical states j i
phys
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Now, our compactication program consists of starting from the critical
dimension D = 26 and then truncating the extra dimensions successively
through a various number of tori compactications.
We remained the reader that an r dimensional torus T
r
is dened as the
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2.1 METHOD N = 1
The rst method consists of taking the left and right movers modes mixed.
Thus, the compactied coordinates x can be written as :
x
i























For the compactied coordinates x
I
(I = 1; r) on an r dimensional torus, one


























(n 2 Z) (11)
where r (resp.R

) is the torus dimension (resp. radius in the  direction)
and therefore one can write :
x
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It is to be noted that one can characterizes the quantum physical states
j i
phys
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 = 1; r
p
; p = 1; n), the number of the vectorial physical massless




























, the number of the physical
vectorial massless states becomes 44.
2.2 METHOD N = 2:
In this method the left and the right movers of the closed string x
I
(  
 ) and x
I
( +  ) respectively are treated independently. In this case, the
compactied coordinates can be written as :
x
I
























































































































this means that the lattice   and its dual  

have a non zero intersection.






































is the dual lattice metric. Moreover, the Virasoro condition (2  


























































, the massless vectorial states
belong to the adjoint representation of the tensorial product G 
 G, where
G, is the simply laced Lie group of rank r = 22 and with a Cartan matrix
g










 is an integer.
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are identied with the weight vectors of the Lie group












= an integer or half
integer the number 



































are the dimension of the compactied space, the








quantum number respectively. However, if at least one of the R is






3 RESULTS AND CONCLUSIONS :
To get an idea and keep our results transparent, we have considered com-
pactications on an even dimensional tori. Tables 1 and 2 display various
types of compactications and the rank and order of the resulted Lie groups




and 1 respectively. It is important
to notice that the results depend on :
a) The choice of the method :
In fact, it is clear from tables 1 and 2 that for the same type of compacti-
cation, the resulted Lie groups obtained with the rst method are totally dif-
ferent from the second one. For example, a compactication on T
22
gives with





 U(4); SO(14) 
 SO(14) 





 U(5); SO(44) 
 SO(44); SO(58) 
 SO(16) 
 E7.






SO(45). As a second example, the ten
















































 U(11) for the second one.
b)Type and number of compactications :
Each type and number of successive compactications gives dierent re-









































The results of the successive compactications depend strongly on the
choice of the radius of the compactied tori. For example the rst method












physical states which can form the irreducible representation of a Lie group.




, this number is reduced to 44 and leads to
dierent Lie groups solutions.
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j0i with t, u and q 2 N

.
For the states j i
phys



































































where n denotes the number of tori compactications ( + and   signs are








j0irespectively). This implies that t = 1 and
R = (2)
 1=2
















states can be written as:
j1; 0; :::; 0; 1; 0; :::; 0i,j0; 1; 0; :::; 0; 0; 1; 0; :::; 0i ; :::;
j 1; 0; :::; 0; 1; 0; :::; 0i,j0; 1; 0; :::; 0; 0; 1; 0::::; 0i
j1; 0; :::; 0; 1; 0; :::; 0i,j0; 1; 0; :::; 0; 0; 1; 0; :::; 0i ; :::;
and
j 1; 0; :::; 0; 1; 0; :::; 0i,j0; 1; 0; :::; 0; 0; 1; 0; :::; 0i,...,







































































































































































respectively .Notice that in both cases the solution is the same .Setting R

=


























Now,it is obvious that if R
2
is not an integer or half an integer, eqs.(B   1)
and (B   2) have no solutions. In what follows we denote by s the number




's. As an example, for R = (2)
3=2













which can be written as:
a)1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 = 16
b)4 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 = 16
c)4 + 4 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 = 16
d)4 + 4 + 4 + 1 + 1 + 1 + 1 = 16
e)4 + 4 + 4 + 4 = 16
f)9 + 1 + 1 + 1 + 1 + 1 + 1 + 1 = 16
g)9 + 4 + 1 + 1 + 1 = 16
In this case, the values of s are respectively 16; 13; 10; 7; 4; 8; 5.






















is equal to 2. Thus
the number 
























This result can be found in an equivalent way by taking r number arranged





























multiplying the result by 2
2


















































) is the degeneracy of the q
th
quantum number (resp. the






is the number of the non





























However, if there are some identical non zero quantum numbers, one has to







!. Notice that the factor 2
s
p





can take both positive and negative values.
14
TABLE CAPTION
TABLE 1. display the rank and order of the Lie groups coming from






TABLE 2. the same as Table 1 but with the use of the second method
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